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a b s t r a c t

The objective of this paper is to develop a mathematical model for the synthesis of anaerobic digester
networks based on the optimization of a superstructure that relies on a non-linear programming for-
mulation. The proposed model contains the kinetic and hydraulic equations developed by Pontes and
Pinto [Chemical Engineering Journal 122 (2006) 65–80] for two types of digesters, namely UASB (Upflow
Anaerobic Sludge Blanket) and EGSB (Expanded Granular Sludge Bed) reactors. The objective function
eywords:
naerobic digestion
ASB reactor
GSB reactor
ptimization
eactor network

minimizes the overall sum of the reactor volumes. The optimization results show that a recycle stream is
only effective in case of a reactor with short-circuit, such as the UASB reactor. Sensitivity analysis was per-
formed in the one and two-digester network superstructures, for the following parameters: UASB reactor
short-circuit fraction and the EGSB reactor maximum organic load, and the corresponding results vary
considerably in terms of digester volumes. Scenarios for three and four-digester network superstructures

pared
rocess synthesis were optimized and com

. Introduction

In wastewater treatment, there is a variety of digesters and
eactors, specifically biochemical ones, which suit the task of
egrading pollutants in the effluent streams. As expected, reac-
ors and digesters have different characteristics often making them

ore adequate to treat specific effluents rather than others. The
ptimal synthesis of a reactor (digester) network in a wastewater
reatment plant may present designs that significantly reduce the
osts of the plant in comparison to single reactor designs.

The objective of the current paper is to develop a strategy for
he synthesis of a network of anaerobic digesters. The use of mul-
iple types and configurations of reactors (digesters) in a network
an yield better results in effluent treatment than the use of only
ne reactor (digester) for this purpose. It is also shown how com-
lex a network becomes once the number of candidate digesters

ncreases, and how an understanding of the wastewater treatment
rocess is decisive to the success of the synthesis strategy.

The current paper focuses on the synthesis of a network of
naerobic digesters that contains in particular the UASB (Upflow

naerobic Sludge Blanket) reactor and the EGSB (Expanded Gran-
lar Sludge Bed) reactor. Like most modern biochemical digesters,
he UASB and the EGSB reactors have a much higher sludge age than
he hydraulic retention time, as described in Pontes and Pinto [1].

∗ Corresponding author at: Present address: Praxair, Inc., 39 Old Ridgebury Road,
anbury, CT 06810, USA.

E-mail address: Jose M Pinto@Praxair.com (J.M. Pinto).

385-8947/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
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with the results from fewer digesters.
© 2009 Elsevier B.V. All rights reserved.

As a consequence, the sludge behavior in the system is considerably
different from that of the effluent. The detailed models that describe
flow and kinetic behaviors for these digesters are also described in
[1]. The UASB reactor flow model is based on the one developed by
Bolle et al. [2], while the EGSB reactor flow model was developed
from the experiments described in Brito and Melo [3]. The kinetic
models are based on the ones developed from Kalyuzhnyi [4] and
Bolle et al. [5]. Also, these digesters have intrinsic characteristics
that must be taken into account in their design as well as in the
synthesis of the treatment process. Kalyuzhnyi and Fedorovich [6],
Narayanan and Narayan [7] and Mu et al. [8] developed axial dis-
persion models for the UASB reactor. These models may be more
precise, but are complicated to simulate and optimize, requiring a
discretization in the axial direction within the reactor.

As stated by Lakshmanan and Biegler [9], there are two major
approaches for synthesis of a reactor network: superstructure opti-
mization and attainable region targeting. The first one consists
of creating a superstructure containing a pre-determined num-
ber of reactors and various streams that connect these reactors.
Kokossis and Floudas [10] proposed a methodology where the
superstructure is composed of CSTRs (Continuous Stirred Tank
Reactor) and PFRs (Plug Flow Reactor). According to their strategy,
a PFR could be approximated by a series of CSTRs, and the net-
work would be represented by a MINLP (Mixed Integer Non-Linear

Programming) model. Kravanja and Grossmann [11] also used this
methodology. Marcoulaki and Kokossis [12] developed a method-
ology using stochastic optimization to target the performance of
chemical reactors. Schweiger and Floudas [13] described a super-
structure composed of CSTRs and CFRs (Cross Flow Reactor). The

http://www.sciencedirect.com/science/journal/13858947
http://www.elsevier.com/locate/cej
mailto:Jose_M_Pinto@Praxair.com
dx.doi.org/10.1016/j.cej.2009.01.023
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Nomenclature

Bacteria types (i)
AB butyric acid user acetogens
AE ethanol user acetogens
F fermentors
I endogenous residue
MA acetoclastic methanogens
MH hydrogetrophic methanogens

Substrates (j)
AA acetic acid
B butyric acid
CH4 methane
CO2 carbon dioxide
E ethanol
G glucose
H hydrogen

Number of reactors in the network superstructure (k)

streams (n)
BPr reactor r by-pass
FD fresh feed
FN final
INr reactor r inlet
MRr final mixer to reactor r connection
OTr reactor r outlet
RFr fresh feed to reactor r
RMr reactor r to final mixer connection
RRr reactor r recycle
Sr–r′ feed from reactor r to r′

Reactors (r)
UASB or EGSB

Section of UASB reactor (s)
a bed
b blanket
c settler

Variables
�CH4,r

volumetric production rate of methane in reactor r

(m3/h)
�CH4,r,s

volumetric production rate of methane in section s

of UASB reactor r (m3/h)
�r settler efficiency of UASB reactor r
�i,r growth rate for bacterium i in EGSB reactor r (h−1)
�i,r,s growth rate for bacterium i in section s of UASB reac-

tor r (h−1)
Ar cross-sectional area of reactor r (m2)
CODn chemical oxygen demand for stream n (kg/m3)
DCr total discharged sludge flow for reactor r (kg/m3 h)
DCi,r discharge rate for bacterium i from reactor r

(kg/m3 h)
Fn stream n flow rate (m3/h)
hr overall height of reactor r (m)
hr,s height of section s of UASB reactor r (m)
OLr organic load for reactor r (kg/m3 d)
Rj,r reaction rate for substrate j in EGSB reactor r

(kg/m3 h)
Rj,r,s reaction rate for substrate j in section s of UASB reac-

tor r (kg/m3 h)
RC cost of the reactors present in the network
Sj,n concentration of substrate j in stream n (kg/m3)

Sj,r concentration of substrate j leaving reactor r (kg/m3)
Sj,r,s concentration of substrate j in section s of UASB reac-

tor r (kg/m3)
TMr rate of formation of the endogenous residue in EGSB

reactor r (kg/m3 h)
TMr,s rate of formation of the endogenous residue in sec-

tion s of UASB reactor r (kg/m3 h)
Vr overall volume of reactor r (m3)
v upflow velocity (m/h)
Xi,n concentration of anaerobic sludge component i in

stream n (kg/m3)
Xi,r concentration of anaerobic sludge component i in

EGSB reactor r (kg/m3)
Xi,r,s concentration of anaerobic sludge component i in

section s of UASB reactor r (kg/m3)
XTr total anaerobic sludge concentration in EGSB reactor

r (kg/m3)
XTr,s total anaerobic sludge concentration in section s of

UASB reactor r (kg/m3)

Parameters
�mi maximum growth rate for bacterium i (h−1)
CT computational time (h)
Kj half-speed constant for substrate j (mol/m3)
KIi,i′ inhibition constant for bacterium i by inhibitor i′

(mol/m3)
MMj molar mass of substrate j (kg/mol)
NEk number of equations in a network superstructure of

k reactors
NFk number of degrees of freedom in a network super-

structure of k reactors
NVk number of variables in a network superstructure of

k reactors
OLr,max maximum organic load for reactor r (kg/m3 d)
R number of reactors in the network superstructure
RCr cost of reactor r
RE number of EGSB reactors in a network superstruc-

ture
RU number of UASB reactors in a network superstruc-

ture
SFr short-circuit fraction that by-passes reactor r
SFr,s short-circuit fraction that by-passes section s in
reactor r
Yi bacterial yield (kg/mol)

latter can be used to model PFRs, MMRs (Maximum Mixed Reac-
tor) and SFRs (Segregated Flow Reactor). Esposito and Floudas [14]
described a strategy to optimize a reactor network superstructure
using a NLP (Non-Linear Programming) model that divides the net-
work into subnetworks. The network is composed by a CSTR and
either a PFR or a RR (Recycle Reactor).

The attainable region targeting approach is based on the con-
cept developed by X. Horn, according to Glasser et al. [15] and
Hildebrandt et al. [16], who described the methods for obtain-
ing the attainable region for networks that consist of CSTRs and
PFRs, but their examples covered only two dimensions, i.e. reac-
tions involving only two compounds. Balakrishna and Biegler [17]
proposed a segregated flow model to achieve a LP (Linear Program-

ming) formulation for the network model involving isothermal
reactors. Balakrishna and Biegler [18] developed a strategy for
the optimal synthesis of non-isothermal reactor networks. Laksh-
manan and Biegler [9] proposed a method that incorporates some
of the concepts of the superstructure approach into the attainable
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egion targeting approach and created a MINLP model for the net-
ork, which is composed of CSTRs, PFRs and DSRs (Differential

idestream Reactor). The model can be extrapolated to systems
ith more than two dimensions. Kauchali et al. [19] proposed a

P model to optimize a reactor network with two dimensions.
ecently, Bedenika et al. [20] proposed a method for the synthe-
is of reactor networks based on economical criteria instead of
echnological criteria.

Other works propose alternative methods. Pahor et al. [21]
escribed a method that combines aspects of both approaches,
hich results in a MINLP model for the reactor network. Burri et

l. [22] developed the IDEAS (Infinite Dimensional State-Space)
pproach, which evolved from the attainable region approach. The
DEAS approach generates a LP model for the reactor networks, and
as also applied to networks with non-ideal reactors [23,24], as
ell as to networks with variable density fluid CSTRs and PFRs [21].

Although the targeting approach is considered to have two
mportant advantages over the first, which are simpler MINLP for-

ulations and optimal solution not bound to the superstructure,
t cannot be readily used to optimize anaerobic digester networks.
he attainable region targeting approach yields results in CSTRs,
FRs, or even DSRs, but anaerobic digesters cannot be categorized
s such [1]. Therefore, the approach proposed in this paper relies on
uperstructure optimization. Kokossis and Floudas [10] described
he basic strategy for elaborating a superstructure and its corre-
ponding optimization model. This strategy can also be used to
iscretize the axial dispersion models developed by [6–8].

The paper is structured as follows. First, Section 2 presents
he superstructure of a single anaerobic reactor. Section 3 shows
he equations, variables and degrees of freedom that are involved
n a single anaerobic digester network, which can be composed
y either a UASB or a EGSB reactor. In Section 4, the network is
xpanded to multiple anaerobic digesters, and a degree of freedom
nalysis is developed as a function of the number of digesters in
he network. In Section 5, results of the optimization of the anaer-
bic digesters network superstructures are shown and discussed.
inally, Section 6 provides the major conclusions of this work.

. Superstructure of a single digester network

.1. Definition of the superstructure

Naturally, the simplest reactor network superstructure is the one
omposed by a single reactor. Following Kokossis and Floudas [10]
trategy, when there is only one reactor, besides the inlet and out-
et streams, there are the recycle and the by-pass streams. Fig. 1
isplays the single reactor network superstructure.

Although recycle streams are commonly used for EGSB reac-

ors [3,25], they are not common for the UASB reactors. However,
ecently there have been studies of UASB reactors with recycle
treams, as shown in Mahmoud [26] and Ramakrishnan and Gupta
27].

Fig. 1. Superstructure of a single reactor network.
ering Journal 149 (2009) 389–405 391

2.2. Superstructure model

The superstructure model is composed by the kinetic and flow
(or hydraulic) models of the anaerobic digester, besides the mass
balances for mixers i and ii (see Fig. 1). The following assumptions
are made:

A1. The substrate concentrations in stream BP are the same as the
ones of stream IN (Sj,BPr = Sj,INr ∀j);

A2. The substrate concentrations in stream RR are the same as the
ones in stream FN (Sj,RRr = Sj,FN ∀j);

A3. The effluent contaminants are in low concentration, hence
there are no significant changes in the effluent flow and in the
overall density once it is treated in the anaerobic digester;

A4. The concentrations of the outlet stream of reactor r are identical
to the ones existing in the settler, in the case of an UASB reactor,
or inside the reactor, in the case of an EGSB reactor (Sj,OTr = Sj,r
∀j). To simplify the notation, the “c” sub-index is dropped for
the concentrations in the UASB reactor settler.

A5. One of the characteristics of anaerobic digesters are that the
outgoing streams can contain anaerobic sludge. To simplify the
network modeling, it is considered that none of the sludge that
leaves the digester is carried by the treated effluent, and also
that there is no sludge present in the feed stream(s). Therefore,
there is no sludge present in any stream of the superstructure
(Xi,n = 0, ∀i,n).

A6. The operation takes place in steady state.

Variables Sj,BPr, Sj,OTr and Sj,RRr are not, therefore, included in this
model, according to Assumptions A1, A2 and A4. Moreover, due to
Assumption A3:

FINr − FOTr = 0 (1)

Hence, the mass balances for the mixers are given by

FFD + FRRr − FINr − FBPr = 0 (2)

FBPr + FOTr − FRRr − FFN = 0 (3)

FFD·Sj,FD + FRRr ·Sj,r − FINr ·Sj,INr − FBPr ·Sj,INr = 0

j = G, E, B, AA, H and CO2 (4)

FBPr ·Sj,INr + FOTr ·Sj,r − FRRr ·Sj,FN − FFN ·Sj,FN = 0

j = G, E, B, AA, H and CO2 (5)

The chemical oxygen demand (COD) of a stream can be calcu-
lated by the following expression [28]:

CODn = 1.33·SG,n + 2.09·SE,n + 1.82·SB,n + 1.07·SAA,n + 8.00·SH,n

n = FD, INr, OTr and FN (6)

Due to Assumptions A1 and A2, the COD values of streams BPr

and RRr are identical to the ones of streams INr and FN, respectively.

3. Analysis of a single anaerobic digester network

3.1. Kinetic model for anaerobic digesters
Both flow models for the UASB and EGSB reactors incorporate
the kinetic model based on the one elaborated and described by
Kalyuzhnyi [4]. The integration of the flow and kinetic models is
developed and described in [1], whose equations are summarized
in Appendices A and B.
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.2. Flow model for an UASB reactor in steady state

The UASB reactor flow model is based on the one developed by
2] and is integrated in the model of [1]. According to Assumption
5, for an UASB reactor r, the discharge rate for component i of the
naerobic sludge (DCi,r) is defined by

Ci,r = Xi,c,r .FOT

Vr,c
i = F, AE, AB, MA, MH and I (7)

And the total sludge discharge rate (DCr) in reactor r is defined
y

Cr =
∑

i

DCi,r (8)

The variables for a single UASB reactor network superstructure
re given in Appendix B. The superstructure model of a single UASB
eactor network has 112 variables. The UASB reactor model itself
ontributes with 84 variables (Appendix B).

The complete set of equations that describe the single UASB reac-
or network superstructure model is presented in Appendix B. This

odel contains 100 equations, which 81 are intrinsic to the UASB
eactor and 19 to the network. Hence, the model has 12 degrees of
reedom, which are:

Fn n = FD, RR and BP
Sj,FD j = G, E, B, AA, H and CO2
Vr

Ar or hr

�r

Generally, the feed stream would have its composition and flow
ate defined in such optimization problem, so there would be only
degrees of freedom:

Fn n = RR and BP
Vr

Ar or hr

�r

According to [2] and [29], the sludge concentration in the UASB
eactor bed is constant. That value was made equal to 85 kg/m3,
hich is the experimental value used by [2] and within 5% of the

ne used by [29].
The short-circuit fractions for the UASB reactor, SFa and SFb, are

function of the height of both bed and blanket sections of the
eactor. Bolle et al. [30] calculated these variables using a set of
quations, however these were specific to that UASB reactor used
n the experiment, as described in [1]. The short-circuit fractions
alues for this work were set arbitrarily and varied from 0 to 0.145
s shown in Section 5.

.3. Flow model for an EGSB reactor in steady state

The flow model for an EGSB reactor is based on the experiments
f [25] and those of [3].
The variables and equations for a single EGSB reactor network
uperstructure are given in Appendix B. For a single EGSB reac-
or, the superstructure network model has 65 variables. The EGSB
eactor model itself contributes with 37 variables.

The single EGSB reactor superstructure model contains 53 equa-
ions, which 34 are intrinsic to the EGSB reactor and 19 to the
etwork. As in the UASB reactor case, the EGSB reactor model has
2 degrees of freedom, which are:
ering Journal 149 (2009) 389–405

- Fn n = FD, RR and BP
- Sj,FD j = G, E, B, AA, H and CO2
- Vr

- Ar or hr

- XTr

Similarly for the UASB reactor, the feed stream would have its
composition and flow rate fixed in an optimization problem, so
there are only 5 degrees of freedom:

- Fn n = RR and BP
- Vr

- Ar or hr

- XTr

3.4. Anaerobic digesters model constraints

The inequality constraints for an anaerobic digester can be cat-
egorized into 3 groups: non-negativity constraints, physical and
operational constraints, and treated effluent quality constraints.
Except for the reaction rates, all model variables are non-negative,
so there is one constraint for each of them.

3.4.1. UASB reactor model constraints
In steady-state, all variables for the UASB and EGSB reactor mod-

els are continuous. Except for the substrate reaction rates, all other
variables are non-negative.

It is necessary to constrain the reactor dimensions, so incon-
sistent designs are avoided in the optimization. Constraints (9) and
(10) are based on the internal dimensions of the UASB reactors used
by [2] and [29]. Neither [2] nor [29] establish an upper bound for the
upflow velocity in the UASB reactor, but it is expected that a high
value would dissolve the sludge bed, increase the short-circuit flow
and cause undesirable sludge washout. Therefore, the proposed
model would not be valid for a higher upflow velocity since the
transfer of contaminants from the effluent to the bacteria would
follow other mechanisms than the one proposed by the current
model. More importantly, the settler efficiency would be certainly
compromised as well as the entire process. Constraint (11) is also
based in the same works, and the maximum liquid upflow velocity
of 1.36 m/h is assumed 50% higher than the one found in [29].

Ar

hr
≤ 60 m (9)

hr

Ar
≤ 1.25 m−1 (10)

FIN

Ar
≤ 2.00 m/h (11)

Constraints (9)–(11) were linearized for their implementation
in the models with the objective of improving solver performance.
These constraints are re-written as

Ar − 60 · hr ≤ 0 (9a)

hr − 1.25 · Ar ≤ 0 (10a)

FIN − 2 · Ar ≤ 0 (11a)

Naturally, the optimization process must take into account that
the treated effluent satisfies the environmental requirements of the
body of water over which it will be discharged. Typically, anaerobic
digesters are coupled with aerobic ones; hence, assuming there are

aerobic digesters downstream, the maximum COD for the treated
effluent is set 10 times higher than the required COD, whose max-
imum value is 0.005 kg/m3 according to CONAMA [31].

CODFN ≤ 0.005 kg/m3 (12)
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Constraint (13) was added to avoid high sludge concentration
n the treated effluent stream, whose maximum value was set at
.175 kg/m3. This value equals the sludge discharge concentration
or the UASB reactor used by [2] with the lowest settler efficiency
eported, 0.95. Interestingly, as it is shown in Section 5, this con-
traint was not active in the optimal solutions.

i

Xi,r,c ≤ 1.175 kg/m3 (13)

.4.2. EGSB reactor model constraints
The non-negativity constraints for the EGSB reactor r are basi-

ally the same as those of the UASB reactor.
Kato et al. [25] present upper and lower bounds for velocity and

rganic charge for EGSB reactors, although other authors [3,32]
perated this reactor outside those limits. According to [25], for
pflow velocities lower than 5.5 m/h and maximum organic loads

nferior to 7 kg COD/m3 d, there is no sludge washout from the
eactor. There is also a limitation for the organic load, since excess
ethane gas production rate could lead to the mentioned washout.

he same authors recommend that the upflow velocity be no less
han 2.5 m/h otherwise the sludge would settle at the bottom of the
eactor. Therefore, the following constraints are valid:

FIN

Ar
≤ 5.5 m/h (14)

FIN

Ar
≥ 2.5 m/h (15)

Lr = 24 · CODIN · FIN

Vr
≤ OLr,max = 7 g/m3 d (16)

Similarly to the UASB reactor, a constraint was added for the
atio of reactor dimensions.

hr

Ar
≤ 1000 m−1 (17)

This maximum value for the height/area ratio in Constraint (17)
s set to approximately twice the value of the EGSB reactor used by
25].

Moreover, the EGSB reactor constraints are also linearized to

IN − 5.5 · Ar ≤ 0 (14a)

.5 · Ar − FIN ≤ 0 (15a)

r − 1000 · Ar ≤ 0 (17a)

As technology advances, there are significant enhancements to
he EGSB reactor and the microorganisms used in anaerobic diges-
ion, pushing the operational limits of the EGSB reactor to new
oundaries. Jeison and Chamy [33] mentioned values for the upflow
elocity inside the EGSB reactor higher than the ones mentioned by
25]. Thus

IN − 10 · Ar ≤ 0 (14b)

Van Lier et al. [32] experimented on an EGSB reactor operating
ith organic loads of 12 kg of COD/m3 d that corresponds to a value

ignificantly higher than the one presented by [25] as the maximum
rganic load for an EGSB reactor. Hence
Lr,max = 12 kg/m3 d (16a)

The treated effluent quality constraints (12) and (13) that were
efined for the UASB reactor are also applied to the EGSB reactor
odel.
ering Journal 149 (2009) 389–405 393

4. Networks of multiple anaerobic digesters

4.1. Superstructure of a two anaerobic digester network

A network of multiple reactors allows solutions that combine
anaerobic digesters, even different ones, but it also makes its super-
structure representation more complex. For the sake of illustration,
Fig. 2 shows a two-reactor network.

Besides the recycle and by-pass streams, the superstructure con-
templates other streams. For instance, if either stream S1–2 and/or
S2–1 exist in the superstructure it yields a serial configuration for
the network. There are also the MRr streams that recycle the treated
effluent streams to reactor r.

4.1.1. Mass balances for a superstructure of a two anaerobic
digester network

The following assumptions are made, besides A1 through A5, for
any substrate j and reactor r:

A6 The substrate concentrations in stream RFr for all reactors are
the same as those of stream FD (Sj,RFr = Sj,FD);

A7 The substrate concentrations in stream Sr–r′ are the same as
those of stream RMr (Sj,Sr–r′ = Sj,RMr);

A8 The substrate concentrations in stream MRr are the same as
those of stream FN (Sj,MRr = Sj,FN);

The mass balances for the mixers and splitters are

(i) FFD = FRF1 + FRF2 (18)

(ii) FRF1 + FRR1 + FS2–1 + FMR1 = FBP1 + FIN1 (19)

FRF1·Sj,FD + FRR1·Sj,1 + FS2–1·Sj,2 + FMR1·Sj,FN

= (FIN1 + FBP1)·Sj,IN1 j = G, E, B, AA, H and CO2 (20)

iii) FBP1 + FOT1 = FRR1 + FS1–2 + FRM1 (21)

FBP1·Sj,IN1 + FOT1·Sj,1 = (FRR1 + FS1–2)·Sj,1 + FRM1·Sj,RM1

j = G, E, B, AA, H and CO2 (22)

(iv) FRF2 + FRR2 + FS1–2 + FMR2 = FBP2 + FIN2 (23)

FRF2·Sj,FD + FRR2·Sj,2 + FS1–2·Sj,1 + FMR2·Sj,FN

= (FIN2 + FBP2)·Sj,IN2 j = G, E, B, AA, H and CO2 (24)

(v) FBP2 + FOT2 = FRR2 + FS2–1 + FRM2 (25)

FBP2·Sj,IN2 + FOT2·Sj,2 = (FRR2 + FS2–1)·Sj,2 + FRM2·Sj,RM2

j = G, E, B, AA, H and CO2 (26)

(vi) FRM1 + FRM2 = FFN + FMR1 + FMR2 (27)

FRM1·Sj,RM1 + FRM2·Sj,RM2 = (FFN + FMR1 + FMR2)·Sj,FN

j = G, E, B, AA, H and CO2 (28)

Splitter (i) and mixer (vi) are denominated henceforth in this
paper as the feed splitter and the final mixer.
4.1.2. Degrees of freedom in a superstructure of a two anaerobic
digester network model

The number of equations and variables involved in the model
depend on the type(s) of anaerobic digester(s) used in the super-
structure. As previously mentioned, the UASB reactor has 84
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ariables and 81 equations, and the EGSB reactor has 37 variables
nd 34 equations. Interestingly, there are 3 degrees of freedom per
eactor (Vr, hr or Ar, and �r-UASB or XTr-EGSB), regardless of its type.

The network itself contributes with 60 variables and 44 equa-
ions, all given in Appendix C. The network, therefore, has 16
egrees of freedom, which are

Fn n = FD, BPr, RRr, Sr–r′ and MRr; r = 1 and 2, r /= r′

Fn n = RFr; r = 1 or 2
Sj,FD j = G, E, B, AA, H and CO2

Therefore, the number of equations, NE2, for the two anaerobic
igesters network superstructure model in steady state is given by
he following equation:

E2 = 44 + 81·RU + 34·RE (29)

here
RU number of UASB reactors present in the network
RE number of EGSB reactors present in the network

U + RE = 2 (30)

he number of variables, NV2, is given by

V2 = 60 + 84·RU + 37·RE (31)

Therefore, the number of degrees of freedom, NF2, is given by

F2 = 16 + 3·RU + 3·RE (32)

Substituting (30) into (32) yields NF2 = 22, which means that the
umber of degrees of freedom of the optimization model does not
epend on the type of anaerobic digester selected for the network
uperstructure.
.2. Mass balances for a superstructure of a multiple anaerobic
igesters network

From Fig. 2, the necessary equations can be inferred in order
o describe a network containing multiple anaerobic digesters. In
ork superstructure.

a network with R reactors (R > 1), the following equations can be
defined:

For the feed (FD) splitter:

FFD =
R∑
r

FRFr (33)

For the reactor r upstream mixer:

FRFr +FRRr + FMRr +
R∑

r′ /= r

FSr′−r
= FBPr + FINr r = 1, . . . , R (34)

FRFr · Sj,FD + FRRr · Sj,r + FMRr · Sj,FN +
R∑

r′ /= r

FS · Sj,r′

= (FBPr + FINr ) · Sj,INr r = 1, . . . , R j = G, E, B, AA, H and CO2

(35)

For the reactor r downstream mixer:

FBPr + FOTr =
R∑

r′ /= r

FSr−r′ + FRRr + FRMr r = 1, . . . , R (36)

FBPr · Sj,INr + FOTr · Sj,r =
(

R∑
r′ /= r

FSr−r′ + FRRr

)
· Sj,r + FRMr · Sj,RMr

r = 1, . . . , R j = G, E, B, AA, H and CO2 (37)
For each reactor r:

FINr = FOTr r = 1, . . . , R (38)
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Table 1
Effluent to be treated by the anaerobic digester networks.

Parameter Value Unit

FIN 200 m3/h

added a small epsilon value to penalize reactors with higher indices.
For instance, in the case of 4 reactors, indices 1 and 3 refer to UASB
reactors; the selection of index 3 is “ε more expensive” than that of
index 1.

Table 2
Optimal solutions for cases U1–U4 for one UASB reactor.

Variable Case U1 Case U2 Case U3 Case U4 Unit

SFa = SFb 0.145 0.100 0.050 0.000 –
Vr 19665.8 8363.9 2160.5 226.5 m3

Vr,a 2710.9 1656.0 36.7 4.3 m3

Vr,b 13316.7 5160.6 1724.1 180.3 m3

Vr,c 3638.2 1547.3 399.7 41.9 m3

Ar 1086.3 708.4 360.0 116.6 m2

hr 18.10 11.81 6.00 1.94 m
v 1.82 2.00 2.00 2.00 m/h
Xb,r 15.3 23.8 30.0 30.0 kg/m3

XMA,r,a 5.7 9.3 39.2 81.2 kg/m3

XMA,r,b 1.0 2.6 13.8 28.7 kg/m3

XI,r,a 79.3 75.7 45.8 3.7 kg/m3

X 14.3 21.2 16.2 1.3 kg/m3
R.F.F. Pontes, J.M. Pinto / Chemical E

And for the final mixer:(39)
R∑
r

FRMr = FFN +
R∑
r

FMRr

R∑
r

FRMr · Sj,RMr = (FFN +
R∑
r

FMRr ) · Sj,FN

j = G, E, B, AA, H and CO2 (40)

Besides these equations, Eq. (6) that defines the values of CODn

ust also be added.

.3. Degrees of freedom in a multiple anaerobic digester network
uperstructure

From item 4.1.1, in a network with R anaerobic digesters, there
re (17·R + 10) equations for the network itself (excluding the ones
ntrinsic to the digesters). The network itself has (R2 + 20·R + 16)
ariables, which are given in Appendix B. Hence the number of
quations of the network superstructure model is given by

ER = 17·R + 81·RU + 34·RE + 10 (41)

nd the number of variables is given by

VR = R2 + 20·R + 84·RU + 37·RE + 16 (42)

ence the number of degrees of freedom is given by

FR = R2 + 3·R + 3·RU + 3·RE + 6 (43)

nd remembering that:

U + RE = R (44)

hich yields:

FR = R2 + 6·R + 6 (45)

Again, Eq. (45) shows that the number of degrees of freedom of
he network does not depend on the type of reactors selected.

The following variables can be considered as optimization vari-
bles:

For the network:
- Fn n = FD, BPr, RRr, MRr, Sr–r′ ; r = 1,. . .,R r′ /= r
- Fn n = RFr r = 1,. . .,R for (k–1) reactors
- Sj,FD j = G, E, B, AA, H and CO2
For each UASB reactor r:
- Vr r = 1,. . .,RU
- Ar or hr r = 1,. . .,RU
- �r r = 1,. . .,RU
For each EGSB reactor r:
- Vr r = 1,. . .,RE
- Ar or hr r = 1,. . .,RE
- Xr r = 1,. . .,RE

There are only non-negativity constraints for the variables that
re intrinsic to the network. Hence, these constraints are

n ≥ 0 ∀ n (46)

j,n ≥ 0 ∀ n, j = G, E, B, AA, H and CO2 (47)
.4. Objective function

The objective function of the network superstructure may tar-
et the overall cost reduction of the wastewater treatment. The
ptimizations performed in the current work, relied on a simple
SAA,IN 3 kg/m3

Sj,IN (j /= AA) 0 kg/m3

CODIN 3.21 kg/m3

objective function which only targets the reduction of the overall
volumes, ignoring other costs. Therefore, the objective function is:

min RC =
R∑
r

RCr · Vr (48)

Initially, RCr was set to 1 for all kind of reactors.
An economical objective function could be used, but it would

require parameters, such as detailed design and operational costs
for individual reactors, which are not available in the literature and
not provided by manufacturers.

5. Computational results

The resulting mathematical model for the anaerobic digester
network is a NLP problem. The model was implemented and opti-
mized in GAMS V2.25 [34] using the global optimization BARON [35]
and the local optimization CONOPT [36] solvers, using a PC platform
with Intel® CoreTM2 CPU, 1.86 GHz and 0.99 GB of RAM. There are no
constraints for minimum values for digesters volumes and stream
flowrates.

All the variables and expressions were finitely bounded, which
according to Sahinidis and Tawarmalani [35] guarantees the global
optimum. Regarding the optimality of the solver, in general the local
solver CONOPT can be sensitive to the initial point. The global opti-
mality of the smaller problems was guaranteed by solving them
with BARON. These problems provide upper bounds and in fact
their optimal solutions serve as initial points for the larger prob-
lems. This strategy was used throughout the paper and did not yield
local optima. Furthermore, the solutions can be in principle degen-
erate. Networks with two or more reactors of the same type could
present solutions with the same objective function value and dif-
ferent combinations of reactors. In order to avoid degeneracy, we
I,r,b

�r 0.9984 0.9999 0.9997 0.997 –
CODFN 0.050 0.050 0.050 0.050 kg/m3

FIN 2172.5 1416.8 720.1 233.2 m3/h
FRR 1972.5 1216.8 520.1 33.2 m3/h
FBP 0.0 0 0 0 m3/h



396 R.F.F. Pontes, J.M. Pinto / Chemical Engineering Journal 149 (2009) 389–405

o

5
s

U
f
w
h
S
U

v

a
t
fl
a
t
t
s
t
a
d
l

T
O

C

E
E
E
E
E
E
E
E

T
O

V

V
A
h
v
X
X
X
F
O
C
F
F

Table 5
Optimal solution for cases E5–E8 (single EGSB reactor with by-pass).

Variable Case E5 Case E6 Case E7 Case E8 Unit

Vr 1264.6 2166.7 759.6 381.3 m3

Ar 49.2 79.0 39.6 36.1 m2

hr 25.72 27.4 19.2 10.6 m
v 4.02 2.5 5.0 5.5 m/h
Xr 30.0 30.0 30.0 30.0 kg/m3

XMA,r 18.0 12.1 23.2 27.1 kg/m3

XI,r 12.0 17.9 6.8 2.9 kg/m3

FIN 197.6 197.5 197.8 198.6 m3/h
OL 12 7 20 40 kg/m3 d

hr,c = 1.2 m (52)

The upflow velocity bound is 4 times smaller than the maximum
value set by Constraint (11). Such constraint yields a cross-sectional
area for the UASB reactor of 400 m2. Interestingly, the reactor
Fig. 3. Optimal solution configuration for case U3.

Table 1 presents the characteristics of the feed stream for all the
ptimization cases.

.1. Optimization of a single anaerobic digester network
uperstructure

For a network superstructure that contemplates only a single
ASB reactor, sensitivity analysis was done for the short-circuit

ractions. Table 2 describes the condition of the cases studied, as
ell as their optimal solutions. The UASB reactor short-circuit flow
as an important effect on the reactor efficiency, and the values for
Fa and SFb were set to 0.145 (Case U1), 0.100 (Case U2), 0.05 (Case
3) and 0 (Case U4).

The upflow velocity is defined as

= FIN

Ar
(49)

The fact that the concentration of the endogenous residue is
bout 14 times larger than the acetoclastic methanogenic means
hat the volume could be smaller, if it were not for the short-circuit
ow streams. If a recycle stream could not be used, there would
lways be a lower bound for the COD of the treated effluents due
o short-circuiting. As the short-circuit fraction value is decreased,
he volumes found in Optimal Solutions U2, U3 and U4 decrease,

howing their strong influence in the efficiency of the UASB reac-
or. The volume for the UASB reactor in Optimal Solution U1 is
pproximately 10 times larger than the one used in the experiments
escribed by [2], and this is due to constraints (11) and (12), which

imit the upflow velocity in the reactor and the COD of the treated

able 3
rganic load constraint variation for a network of a single EGSB reactor.

ase Constraint By-pass stream

1 OLr ≤ 12 kg/m3 d (16a) None
2 OLr ≤ 7 kg/m3 d (16b) None
3 OLr ≤ 20 kg/m3 d (16c) None
4 OLr ≤ 40 kg/m3 d (16d) None
5 OLr ≤ 12 kg/m3 d (16a) Present
6 OLr ≤ 7 kg/m3 d (16b) Present
7 OLr ≤ 20 kg/m3 d (16c) Present
8 OLr ≤ 40 kg/m3 d (16d) Present

able 4
ptimal solutions for cases E1–E4 (single EGSB reactor without by-pass).

ariable Case E1 Case E2 Case E3 Case E4 Unit

r 1280.4 2194.4 768.0 384.0 m3

r 49.8 80.0 39.9 36.4 m2

r 25.70 27.4 19.2 10.6 m
4.0 2.5 5.0 5.5 m/h

r 28.2 30.0 30.0 30.0 kg/m3

MA,r 17.6 12.1 23.2 27.1 kg/m3

I,r 10.6 17.9 6.8 2.9 kg/m3

IN 200.0 200.0 200.0 200.0 m3/h
Lr 12 7 20 40 kg/m3 d
ODFN 0.012 0.010 0.015 0.028 kg/m3

RR 0.0 0.0 0.0 0.0 m3/h
BP 0.0 0.0 0.0 0.0 m3/h
r

CODFN 0.050 0.050 0.050 0.050 kg/m3

FRR 0.0 0.0 0.0 0.0 m3/h
FBP 2.4 2.5 2.2 1.4 m3/h

effluent. Anh [37] establishes the following simplified design cri-
teria for an UASB reactor for effluents with COD inlet lower than
5 kg/m3:

v = 0.5 m/h (50)

4.2 m < hr < 6.2 m (51)
Fig. 4. Optimal solution for configuration E5.

Fig. 5. Total volumes of the two-digester networks (m3) for the 16 cases studied,
values for OL in kg/m3/d.
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Fig. 6. UASB and EGSB reactor volumes (m3) for the 16 t

imensions for Case U3 are relatively close to the ones presented
y Ahn’s design criteria.

Fig. 3 shows the configuration of the optimal solution of Case
3.

For a network superstructure that presents a single EGSB
eactor r, the feed stream characteristics were the same as the
nes for the optimization of a single UASB reactor network. Sen-

itivity analysis was performed in the maximum organic load
hat the EGSB reactor can process, described by Constraint (16).
able 3 displays the values used for the organic load constraint.
arameter values in constraints (16a), (16c) and (16d) corre-

Fig. 7. Network configuration for optimal solution
gesters network cases studied, values for OL in kg/m3/d.

spond to the limits set by [32] for EGSB reactor operation, while
constraint (16b) is based on the value set by [25] as the maxi-
mum organic load for an EGSB reactor. A comparison was also
done for network superstructures with and without the by-pass
stream.

The optimal solutions of Table 4 indicate the sensitivity of the
EGSB reactor in a network regarding the maximum organic load. As

expected, as the value of the maximum organic load increases, the
volume of EGSB reactor decreases. In Cases E2 and E4, the velocity
constraints (14) and (15) are active, while the dimension constraint
(17) is non-binding for either case.

T1 (r = 1, UASB reactor, r = 2, EGSB reactor).
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The most surprising result from Optimal Solutions E1–E4 is the
bsence of a recycle stream for all cases. That would be expected
or a CSTR as shown in Appendix D. The fact that the values of
ODFN are smaller than 0.005 kg/m3 shows that the volume could
e decreased and Constraint (12) would be respected. However, that
oes not happen due to the limitation of the maximum organic load
or an EGSB reactor. The use of a by-pass stream solves this problem
s shown in the optimal solutions E5–E8 in Table 5.

With the use of a by-pass stream, there is an approximately 1%
ecrease in the optimal volume for the EGSB reactor. The values of
ODFN for these optimal solutions correspond to their upper bound
s in Constraint (12).

Fig. 4 shows the configuration of Optimal Solution E5.
The computational times for the optimization of one-reactor

etwork superstructures were all under 1 min. Model dimensions
re provided in Appendices A and B.

The sludge concentration in the treated effluent is lower than
.01 kg/m3 for all optimal solutions, showing that Constraint (13) is
on-binding.

In all cases BARON used less than 10 s to find global solutions
nd CONOPT less than 0.1 s to find local ones.

.2. Optimization of a two-anaerobic digester network

uperstructure

The two anaerobic digesters network superstructure considers
nly the configuration of a network containing one UASB and one
GSB reactor. The network could contain two UASB reactors or two

Fig. 8. Network configuration for optimal solution
ering Journal 149 (2009) 389–405

EGSB reactors, but the objective is to show that with different types
of digesters, the wastewater treatment process can be significantly
improved.

Sixteen cases were studied, and the optimal solutions found for
these cases are given in Figs. 5 and 6. The short-circuit fraction
for the UASB reactor was varied from 0 to 0.145, and the maxi-
mum organic load rate for the EGSB reactor was varied from 7 to
40 kg m3/d.

The comparison of the optimal solutions for the 16 cases shows
again the strong influence of the UASB reactor short-circuit stream
on the network configuration. As expected, as the fractions of the
short-circuit streams increase as seen in Fig. 6, so does the EGSB
reactor volume, but the UASB reactor remains the same except
when the short-circuit fraction is 0.145. A larger UASB reactor vol-
ume would not reduce proportionally the COD, while a smaller one
would compromise final treatment in the EGSB reactor. A recycle
stream exists only for the case with the highest short-circuit frac-
tions (SF = 0.145) for the UASB reactor and lowest maximum organic
load for the EGSB reactor (OL ≤ 7). As noticed previously in the one-
digester network scenarios, as the maximum organic load for the
EGSB reactor is increased, the EGSB reactor volume decreases.

The computational time for the global optimization of the two-
digester network superstructures with BARON varied from 30 s to

16 min. CONOPT demanded less than 0.2 s in all cases to find local
optima.

Figs. 7–9 show the optimal configurations for some of the two-
digester networks. Cases, T1, T2 and T3 correspond respectively to
SF1 = 0.145 and OL2,max = 7, 12 and 40 kg/m3 d.

T2 (r = 1, UASB reactor, r = 2, EGSB reactor).
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Figs. 7 and 9 represent network configurations where the reac-
ors are in series, whereas Fig. 8 represents a network where the
eactors are both in series and in parallel.

All the four cases for two-digester networks consider that the
osts for the UASB and EGSB reactors are the same. A sensitivity
nalysis was performed to study how different costs ratios (Cr)
etween the two reactors affect the optimal solution. The val-
es for Cr were varied from 0.1 to 1, for which SF = 0.145 and
1
L2,max = 12 kg/m3 d. Fig. 10 shows the results for these cases. Inter-
stingly, when C1 is approximately the same as C2, the value for the
bjective function, RC, is not changed. Only for 0.5 < C1/C2 < 2, the
ptimal values for the digesters volumes are altered.

ig. 10. Sensitivity analysis for different costs between different types of reactors in
two-digesters network (r = 1, UASB reactor, r = 2, EGSB reactor).
T3 (r = 1, UASB reactor, r = 2, EGSB reactor).

5.3. Optimization of a three-anaerobic digester network
superstructure

The three-anaerobic digester network superstructure contains
the configuration of two UASB and one EGSB reactors, as well as
one UASB and two EGSB reactors. The network could in principle
contain three UASB reactors or three EGSB reactors, but the objec-
tive is to show that with different types of digester, the wastewater
treatment process can be significantly improved.

For the EGSB reactor(s), the value for maximum organic load,
Constraint (16), was 12 kg/m3 d, while the UASB reactor(s) short-
circuit fraction was 0.145.

Two cases were studied for this network superstructure; Case
H1 denotes a network with 2 UASB reactors and 1 EGSB reactor,
while Case H2 denotes a network with 1 UASB reactor and 2 EGSB
reactors. The optimal solution for Case H1 is given in Fig. 11.

Comparing Case H1 (network of 2 UASB reactors and 1 EGSB
reactor) with the two-digester network (Case T3), which has the
same short-circuit fraction and maximum organic load values of
Case H1, the extra UASB reactor in the network yields a 19% reduc-
tion in the objective function value, RC, 288.3 m3 Case H1 and
357.3 m3 for Case T3. This is because the two UASB reactors in this
network are basically connected in series. However, for Case H2
(network of 1 UASB reactor and 2 EGSB reactors), there is no reduc-

tion in RC from the two-digesters network solution, actually both
have only one EGSB reactor in the optimal solution, therefore the
solutions for Cases T3 and H2 are identical. The minimum volume
for the EGSB reactor is not limited by the efficiency of the reac-
tor to remove COD, as the UASB reactor, but by Constraint (16),
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Fig. 11. Network configuration for optimal solut

he minimum organic load rate. Hence, there is no gain in using
wo EGSB reactors in series, since to satisfy Constraint (16), the
rst EGSB reactor volume is sufficient to remove all the required
OD. The computational time of the optimization increased expo-
entially with the addition of the third digester to the network
uperstructure. For Case H1, the computational time required by
ARON was about 12 h, while for Case H2 it was about 21 h. CONOPT
equired less than 0.2 CPU s to find an optimal solution in both
ases.

Interestingly, Diamantis and Aivasidis [38] investigated a special
ase of the network studied in H1 and verified experimentally that
he operation of a two-stage UASB reactor yielded a 50% reduction
f methanization volume compared to a single-stage UASB reactor
peration. There are also published works of 2-digester networks in
eries used for anaerobic digestion. Melidis et al. [39] made use of
UASB reactors, while Vankataraman et al. [40] made use 2 upflow
acked-bed reactors.

.4. Optimization of a four-anaerobic digester network
uperstructure

The four anaerobic digesters network superstructure contem-

lates the configuration of a network containing two UASB and two
GSB reactors. Case F1 was studied for this network superstructure.
or the EGSB reactor(s), the value for maximum organic load, Con-
traint (16), was 12 kg/m3 d, while the UASB reactor(s) short-circuit
raction was 0.145.
(r = 1 and 3, UASB reactors, r = 2, EGSB reactor).

Solution to Case F1 was found after 80 h of optimization,
although BARON could not converge to a global optimal, and the
local optimal solution (found by CONOPT in 0.05 CPU s) was exactly
the same as the one found in Case H1. As previously explained, due
to Constraint (16) the addition of an extra EGSB reactor to the net-
work does not reduce the value of the objective function. According
to the model developed by the current work, only the addition of an
extra UASB reactor, nevertheless, would in theory reduce the value
of the objective function.

6. Conclusions

The present paper addresses the mathematical modeling of
an anaerobic digesters network for optimal synthesis. It creates a
superstructure containing UASB and EGSB reactors, as well as the
streams that connect these reactors to the feed stream and to the
final stream. The network superstructure contains the UASB and
EGSB reactors models developed by [1], as well as network balance
constraints. The proposed model also contains operational limits,
non-negativity constraints and treated effluent quality constraints.
The resulting model is a non-linear programming (NLP) problem
that is solved to global optimality.
Networks of one up to four digesters are optimized and sensi-
tivity analysis was done on two main process parameters, namely
the short-circuit fraction in the UASB reactor and the maximum
organic load rate for the EGSB reactor. It is shown that a recycle
stream is only effective in case of a reactor with short-circuit, such
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Table A2
Single UASB reactor network superstructure model equations.

Equation Number Quantity

Kinetic for blanket and bed (A.7)–(A.19) 26
Flow and sludge discharge (A.20)–(A.31) 45
General algebraic relations (A.32)–(A.39) 10
Global mass balance in the UASB reactor (A.1) 1
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s the UASB reactor, which is confirmed by the optimization of the
ne-reactor network superstructure. For the UASB reactor network,
here is a recycle stream present, but not for the EGSB reactor. In
he latter, a by-pass stream is present due to the maximum organic
oad constraint.

As the network size increases, the value for the objective func-
ion, which aims for the reduction of the overall digester volumes,
ecreases as expected. However, due to the maximum organic load
onstraint for the EGSB reactor, the inclusion of an extra EGSB reac-
or in the network does not improve the design of the process. It
s also verified that the addition of a digestor to the network also
ncreases drastically the computational time to solve the optimiza-
ion model to global optimality.

The current paper does not aim to be a tool for designing an
naerobic digester plant, but instead it systemically investigates
omplex configurations for anaerobic digestion treatment based
n the optimization of reactor network superstructure. It pro-
oses multiple digester configurations that achieve COD removal
fficiency that would only be achieved by extremely large sin-
le reactors or even none at all. The methodology presented here
an also be adapted to optimize UASB and EGSB reactors that are
escribed by more complex models such as the ones that present
xial dispersion.
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ppendix A. Single UASB reactor r network superstructure
odel equations in steady-state

See Tables A1 and A2 and Fig. A.1.

.1. Network equations
IN = FOT (A.1)

FD + FRR = FIN + FBP (A.2)

BP + FOT = FRR + FFN (A.3)

able A1
ariables for a single UASB reactor r network superstructure.

ariable Definition

n Flow rates for stream n

j,n Substrate j concentration in stream n

ODn Stream n COD
r UASB reactor r volume
r,s Volume of section s of the UASB reactor r
r Cross-sectional area of UASB reactor r
r UASB reactor r height
r,s Height of section s of the UASB reactor r
r UASB reactor r settler efficiency
Fr,s Short-circuit fractions that by-passes the section s in the UASB reac
j,r,s Concentration of substrate j in section s of the UASB reactor r

r,b Total sludge concentration in the UASB reactor r blanket
i,r,s Anaerobic sludge component i concentration in section s of the UAS
Cr total discharged sludge flow for the UASB reactor r
Ci,r Discharge flow for bacterium i from reactor r
Sj,r,s Reaction rate for substrate j in section s of the UASB reactor r
I,r,s growth rate for bacterium i in section s of the UASB reactor r

Mr,s rate of formation of the endogenous residue in section s of the UASB
CH4,r,s

volumetric production rate of methane in the UASB reactor r

otal
Mass balances in mixers (A.2)–(A.5) 14
COD for streams FD, IN, OT and FN (A.6) 4

Total 100

FFD · Sj,FD + FRR · Sj,FN = FIN · Sj,IN + FBP · Sj,FD

j = G, E, B, AA, H and CO2 (A.4)

FBP · Sj,FD + FOT · Sj,c = FRR · Sj,FN + FFN · Sj,FN

j = G, E, B, AA, H and CO2 (A.5)

CODn = 1.33 · SG,n+2.09 · SE,n+1.82 · SB,n+1.07 · SAA,n + 8.00 · SH,n

n = FD, IN, OT and FN (A.6)

A.2. Kinetic equations (s = a and b)

�F,r,s = �mF · SG,1,s

KG + SG,1,s
· 1

1 + SH,1,s/KIFH
(A.7)

�AE,r,s = �mAE · SE,r,s

KE + SE,r,s
· 1

1 + SH,r,s/KIAEH
(A.8)

�AB,r,s = �mAB · SB,r,s

KB ·
(

1 + SAA,r,s/KIABAA

)
+ SB,r,s

· 1
1 + SH,r,s/KIABH

(A.9)
�MA,r,s = �mMA · SAA,r,s

KAA + SAA,r,s
· 1

1 + SE,r,s/KIMAE
· 1

1 + SB,r,s/KIMAB

(A.10)

Quantity

n = all streams 6
j = G, E, B, AA, H and CO2 18
n = FD, IN and FN
n = FD, IN, OT and FN 4

1
s = a, b and c 3

1
1

s = a, b and c 3
1

tor r s = a and b 2
j = G, E, B, AA, H and CO2; s = a, b and c 18

1
B reactor r i = all 6 sludge components; s = a, b and c 18

1
i = all 6 sludge components 6
j = all 7 substrates; s = a and b 14
i = F, AE, AB, MA and MH; s = a and b 10

reactor r s = a and b 2
s = a and b 2

112
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senta

�

T

R

R

R

R

R

R

Fig. A.1. Schematic repre

MH,r,s = �mMH · SH,r,s · SCO2,r,s

(KH + SH,r,s) · (KCO2 + SCO2,r,s)

· 1
1 + SE,r,s/KIMHE

· 1
1 + SB,r,s/KIMHB

(A.11)

Mr,s = 0.2
∑
i,i /= I

bi · Xi,r,s (A.12)

SG,r,s = −�F,r,s · XF,r,s

YF
· MMG (A.13)

SE,r,s =
[

0.34 ·
(

1 − YF

MMG

)
· �F,r,s · XF,r,s

YF
−�AE,r,s · XAE,r,s

YAE

]
· MME

(A.14)

SB,r,s =
[

0.39 ·
(

1− YFm

MMG

)
· �F,r,s · XF,r,s

YF
−�AB,r,s · XAB,r,s

YAB

]
· MMB

(A.15)

SAA,r,s =
[

1.31 ·
(

1 − YF

MMG

)
· �F,r,s.XF,r,s

YF
+
(

1 − YAE

MME

)
·�AE,r,s · XAE,r,s

YAE
+ 2 ·

(
1 − YAB

MMB

)
· �AB,r,s · XAB,r,s

YAB

−�MA,r,s · XMA,r,s

YMA

]
· MMAA (A.16)

SH,r,s =
[

0.82 ·
(

1 − YF

MMG

)
· �F,r,s · XF,r,s

YF
+ 2 ·

(
1 − YAE

MME

)
·�AE,r,s · XAE,r,s

YAE
+ 2 ·

(
1 − YAB

MMB

)
· �AB,r,s · XAB,r,s

YAB

−�MH,r,s · XMH,r,s

YMH

]
· MMH (A.17)
SCO2,r,s =
[

1.14 ·
(

1 − YF

MMG

)
· �F,r,s · XF,r,s

YF
+
(

1 − YMA

MMAA

)
·�MA,r,s · XMA,r,s

YMA
− 0.25 ·

(
1− YMH

MMH

)
· �MH,r,s · XMH,r,s

YMH

−0.5 · �MH,r,s · XMH,r,s

MMH

]
· MMCO2 (A.18)
tion of the UASB reactor.

RSCH4,r,s =
[(

1 − YMA

MMAA

)
· �MA,r,s · XMA,r,s

YMA
+ 0.25 ·

(
1 − YMH

MMH

)
·�MH,r,s · XMH,r,s

YMH

]
· MMCH4 (A.19)

A.3. Flow model equations

SFr,a = f (hr,a, hr,b) (A.20)

SFr,b = f (hr,a, hr,b) (A.21)

(1 − SFr,a) · FIN · (Sj,IN − Sj,r,a) + RSj,r,a + Vr,a = 0

j = G, E, B, AA, H and CO2 (A.22)

−�dr · x′ · �CH4r,a · Xi,r,a

+Ar · Xi,r,b · vs + mi,r,a · Xi,r,a · Vr,a − bi · Xi,r,a · Vr,a = 0

i = F, AE, AB, MA and MH (A.23)

−�dr · x′ · �CH4r,a · XI,r,a + Ar · XI,r,b · vs + TMr,a · Vr,a = 0 (A.24)

(1 − SFr,a) · FIN · Sj,r,a − (1 − SFr,b) · FIN · Sj,r,b + (SFr,a − SFr,b)

·FIN · Sj,IN + RSj,r,b · Vr,b = 0 j = G, E, B, AA, H and CO2 (A.25)

�dr · x′ · �CH4,r,a · Xi,r,a − Ar · Xi,r,b · vs − (1 − �) · (1 − SFr,b)

·FIN · Xi,r,b + �i,r,b · Xi,r,b · Vr,b − bi · Xi,r,b · Vr,b = 0

i = F, AE, AB, MA and MH (A.26)

�dr · x′ · �CH4r,a · XI,r,a − Ar · XI,r,b · vs − (1 − �) · (1 − SFr,b)

·FIN · XI,r,b + TMr,b · Vr,b = 0 (A.27)

(1 − SFr,b) · FIN · Sj,r,b + SFr,b · FIN · Sj,IN − FIN · Sj,r,c = 0

j = G, E, B, AA, H and CO2 (A.28)

(1 − �r) · (1 − SFr,b) · FIN · Xi,r,b − FIN · Xi,r,c = 0

i = F, AE, AB, MA, MH and I (A.29)
DCi,r = Xi,r,c · FOT

Vr,c
i = F, AE, AB, MA, MH and I (A.30)

DCr =
∑

i

DCi,r (A.31)
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Table B1
Variables for a single EGSB reactor r network superstructure.

Variable Definition Quantity

Fn Flow rates for stream n n = all streams 6
Sj,n Substrate j concentration in

stream n
j = G, E, B, AA, H and CO2;
n = FD, IN and FN

18

CODn Stream n COD n = FD, IN, OT and FN 4
Vr EGSB reactor r volume 1
Ar Cross-sectional area of EGSB

reactor r
1

hr EGSB reactor r height 1
Xr Anaerobic sludge

concentration in EGSB reactor r
1

Sj,r Concentration of substrate j in
the EGSB reactor r

j = G, E, B, AA, H and CO2 6

Xi,r Concentration of anaerobic
sludge component i in EGSB
reactor r

i = all sludge components 6

DCr Total discharged sludge flow
for the EGSB reactor r

1

DCi,r Discharge flow for bacterium i
from reactor r

i = all sludge components 6

RSj,r Reaction rate for substrate j in
the EGSB reactor r

j = all substrates 7

�i,r Growth rate for bacterium i in
the EGSB reactor r

i = F, AE, AB, MA and MH 5

TMr Rate of formation of the
endogenous residue in the
EGSB reactor r

1

�CH4,r
Volumetric production rate of
methane in the EGSB reactor r

1

Total 65

Table B2
EGSB reactor network superstructure model equations.

Equation Number Quantity

Kinetic (A.7)–(A.19) 13
Flow and sludge discharge (B.1)–(B.6) 20
Generic algebraic relations (B.7) 1
Global mass balance in the EGSB reactor (A.1) 1

C.2. Multiple anaerobic digester network superstructure model
equations in steady-state

See Table C3.

Table C1
Variables intrinsic to the network of two anaerobic digesters.

Variable Definition Quantity

Fn Flow rates for stream n n = all streams 18
S Substrate j j = G, E, B, AA, H and 36
R.F.F. Pontes, J.M. Pinto / Chemical E

.4. Generic algebraic relations

CH4,r,a = RSCH4,r,a · Vr,a

�CH4

(A.32)

CH4,r,b = RSCH4,r,b · Vr,b

�CH4

(A.33)

r = hr,a + hr,b + hr,c (A.34)

r = Vr,a + Vr,b + Vr,c (A.35)

r,s = Ar · hr,s s = a, b and c (A.36)

r,c = 0.185 · Vr (A.37)

i

Xi,r,a = 85 (A.38)

= TMr − DCI,r (A.39)

.5. Model parameters

arameter Value Unit Parameter Value Unit

mF 0.175 h−1 bF 0.00125 h−1

mAE 0.280 h−1 bAE 0.00125 h−1

mAB 0.011 h−1 bAB 0.00125 h−1

mMA 0.015 h−1 bMA 0.00083 h−1

mMH 0.058 h−1 bMH 0.00125 h−1

G 0.128 mol/m3 KIFH 0.03205 mol/m3

E 0.060 mol/m3 KIAEH 0.32051 mol/m3

B 1.100 mol/m3 KIABH 0.00641 mol/m3

AA 2.300 mol/m3 KIABAA 10 mol/m3

H 0.008 mol/m3 KIMAB 21 mol/m3

CO2 0.010 mol/m3 KIMAE 35 mol/m3

F 0.0220 kg/mol KIMHB 16 mol/m3

AE 0.0020 kg/mol KIMHE 29 mol/m3

AB 0.0045 kg/mol vs 3.5 m/h
MA 0.0025 kg/mol �dr 0.3
MH 0.0004 kg/mol x’ 14.27

ppendix B. Single EGSB reactor r network superstructure
odel equations in steady-state

See Tables B1 and B2.

.1. Network equations

Same ones listed in A.1.

.2. Kinetic equations

Same ones listed in A.2, but without the s sub-index.

.3. Flow model equations

= FIN

V
.(Sj,IN − Sj,r) + RSj,r j = G, E, B, AA, H and CO2 (B.1)

= �i,r .Xi,r − bi.Xi,r − DCi,r i = F, AE, AB, MA and MH (B.2)

= TMr − DCI,r (B.3)

Cr =
∑
i,i /= I

(�i,r .Xi,r − bi.Xi,r) + TMr (B.4)
Ci,r = Xi,r

Xr
.DCr i = F, AE, AB, MA, MH and I (B.5)

CH4,r = RSCH4,r · Vr

�CH4

(B.6)
Mass balances in mixers (A.2)–(A.5) 14
COD for streams FD, IN, OT and FN (A.6) 4

Total 53

B.4. Generic algebraic relations

Vr = Ar · hr (B.7)

Appendix C

C.1. Multiple-anaerobic digester network superstructure model
equations in steady-state

See Tables C1 and C2.
j,n

concentration in
stream n

CO2; n = FD, INr , RMr

and FN r = 1 and 2
CODn Stream n COD n = FD, INr , RMr and FN

r = 1 and 2
6

Total 60
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Table C2
Constraints intrinsic to the network of two anaerobic digesters.

Equation Number Quantity

Global mass balance in the digesters (1) 2
Mass balance in the mixers and splitters (18)–(28) 36
COD of 6 streams (6) 6

Total 44

Table C3
Variables intrinsic to the network of multiple anaerobic digesters.

Variable Definition Quantity

Fn Flow rate for stream n n = FD and FN 2
Fn Flow rate for the n

stream
n = RFr , INr , BPr , OTr ,
RRr , RMr , MRr r = 1,. . .,R

7·R

FSr–r
′ Flow rate for the

sidestreams
r = 1,. . .,R (r′ /= r) R·(R–1)

Sj,n Substrate j
concentration in
stream n

j = G, E, B, AA, H and
CO2; n = FD and FN

12

Sj,n Substrate j
concentration in
stream n

j = G, E, B, AA, H and
CO2; n = INr and RMr

r = 1,. . .,R

12·R

C
C

T

A

s
h
i

u

F

c

R

F

(

a
c

�

R

˛

R

F

S

ODn Stream n COD n = FD and FN 2
ODn Stream n COD n = INr and RMr

r = 1,. . .,R
2·R

otal R2 + 20·R + 16

ppendix D

Depending on the reaction kinetics, for a CSTR, the recycle
tream does not affect the conversion rate of the reactor, as shown
ere. Note that one of the assumptions made in a CSTR is that there

s no short-circuit.
The mass balance for substrate j in reactor r is the following,

sing Assumption A4:

INr · Sj,INr − FOTr · Sj,r − Vr · Rj,r = 0 (D.1)

If the reaction rate for substrate j is only a function of its con-
entration, then it can be expressed by

j,r = f (Sj,r) (D.2)

Substituting (2), (4) and (D.2) into (D.1), and making FBP = 0:

FD · (Sj,FD − Sj,r) − f (Sj,r) · Vr = 0 (D.3)

Although the value of Sj,r can only be calculated implicitly by
D.3), the value of FRR does not influence it.

Supposing that the only substrate present in the feed stream is
cetic acid (AA), it is shown in Appendix A that Eqs. (A.10) and (A.16)
an be simplified to:

MA,r = �mMA · SAA,r

KAA + SAA,r
(D.4)

AA,r = −�MA,r · XMA,r

YMA
· MMAA (D.5)

Defining

= �mMA · XMA,r

YMA
· MMAA (D.6)

Substituting (D.4) and (D.6) into (D.5):

AA,r = −˛ · SAA,r

KAA + SAA,r
(D.7)
Substituting (2), (4) and (D.7) into (D.1), and again making
BP = 0:

j,r =
−ˇ +

√
ˇ2 + 4 · Sj,FD · KAA

2
(D.8)
Fig. D.1. Continuous reactor with short-circuit flow.

where

ˇ = KAA + ˛ · Vr

FFD
− Sj,FD (D.9)

Again, the concentration of substrate j in the reactor r, Sj,r, does
not depend on the recycle stream (FRR).

Now, assume that the CSTR is no longer ideal and that this
non-ideality can be modeled as a short-circuit stream. Hence,
Assumption A4 is no longer valid (Sj,OT /= Sj,r). Fig. D.1 shows a
continuous reactor where there is a short-circuit flow.

In Fig. D.1, the parameter SFr represents a fraction of the incom-
ing stream that short-circuits the reactor.

FIN · (1 − SFr) + FIN · SFr = FOT (D.10)

Now, the mass balances for substrate j in reactor r are the fol-
lowing:

FIN · (1 − SFr) · Sj,IN − FIN · (1 − SFr) · Sj,r − Vr · Rj,r = 0 (D.11)

FIN · (1 − SFr) · Sj,r + FIN · SFr · Sj,IN = FOT · Sj,OT (D.12)

Substituting (1), (2), (D.7), (D.11) and (D.12) into (4) and solving
for Sj,r, and again making FBP = 0:

Sj,r =
−� +

√
�2 + 4 · (1 − SFr)2 · Sj,FD · KAA

2.(1 − SFr)
(D.13)

where

� = KAA · (1 − SFr) + FFD · SFr · Sj,FD

FFD + FRR
+ ˛ · Vr · (FFD + FRR · (1 − SFr))

FFD(FFD + FRR) · (1 − SFr)

− (FFD + FRR · (1 − SFr)) · Sj,FD

(FFD + FRR)
(D.14)

If SFr = 0, then equation (D.13) becomes (D.8).
Note that if there is short-circuit then Sj,r will also be a function

of FRR.
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